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The Efiects of Finite Population Size and Selection 
on the Correlation between Gene Frequency Changes at 

two Different Loci and on the Amount of Linkage Disequilibrium 
SUSAN J. GALLEY and R. N .  CURNOW 

Depar tmen t  of Applied Statistics, Univels i ty  of Reading, Reading, Berkshire (England) 

Summary. A potentially infinite random-mating population of monoecious diploid individuals is subjected to a 
single cycle of sampling and selection based on the values of a quantitative character. In the absence of epistatic 
interactions, expressions are obtained for the correlation between the gene frequencies at two linked loci and for the 
mean and variance of linkage disequilibrium after one cycle of selection. Numerical results are presented for a range 
of population sizes and for various values of the genetic parameters. 

1. I n t r o d u c t i o n  

This paper  is concerned with the effects of a single 
cycle of selection based on the value of a quant i ta t ive  
character  and applied to a finite populat ion of mon- 
oecious diploid individuals. An infinite population, 
arising from the potent ial ly  infinite gametic output  
of the parents,  is sampled to provide N individuals. 
These individuals are ranked according to the value 
of the character  and the top n individuals are 
selected to become the parents  of the next  generation. 

Hill (1969) has given formulae for the probabi l i ty  
distr ibution of the genotypic  const i tut ion of the 
populat ion after selection, when the value of the 
character  for each genotype has a general distribution. 
Koj ima  (t961) has given approx imate  expressions for 
the mean and variance of the change in gene fre- 
quency at a single locus, following selection. He 
assumed tha t  there were two alleles at the locus in 
question, and tha t  the value of the character  for 
the i th genotype (i = 1, 2, 3) was distr ibuted nor- 
mal ly  with mean /z i and variance a s, the same 
variance for all three genotypes.  Let  the prob- 
abil i ty of an individual from the infinite populat ion 
being of the i th genotype be a i, ( i ~  t, 2, 3). Then 

3 

if d i = /~ i  --  ~ at,#~, is the deviation of tile mean 
r = l  

of the i th genotype from the mean of the infinite 
�9 k di 

population,  Koj ima ' s  results, to orcter--ff-, are the 

same as those of Hill for the same model. Here k 
is the selection intensi ty  defined by  Koj ima and is 
the expected value of the best n values in a sample 
of size N taken from a normal  distribution with zero 
mean and unit  variance. Without  loss of general i ty 
we shall assume tha t  a 2 =  1, and then make the 
assumption tha t  k d i is sufficiently small tha t  terms 
of order (k di) 2 and higher can be neglected. 

Koj ima (1961) showed tha t  if ni is the number  of 
individuals selected belonging to the i th genotype,  

( 2 ' n , = n ) , t h e n t o o r d e r k d i ,  

E(ni)  = n a i (t + k di) , 

var (n i )  = n a  i ( t  - - a i )  + n k a  i (a  --  2ai) d i /  (t)  
and 

cov (n~, ni) = --  n a i a i - n k ai a i (di + d i) . 

If q is the initial frequency of the allele A1, and q' 
is the frequency after  sampling and selection, then 
the results above imply  tha t  

( la~-d2) ' E ( q ' ) =  q +  k a l d ~ +  2 

and 

var (q') ~- q(l n- q)- 4n  + 2  

k a 1 k az d2 
+ n ( l d l + ~ a 2 d 2 ) ( l - - 2 q )  4 n  ' 

where i = 1, 2, and 3 refer to the A~A1, A I A  ~ and 
A~A 2 genotypes respectively. 

We shall extend Koj ima ' s  results to two loci so tha t  
the correlation between the changes in gene frequency 
at different loci and the expected amount  of linkage 
disequilibrium generated and its variance can be 
evaluated.  The degree of correlation and the amount  
of disequilibrium generated can be impor tan t  in evo- 
lut ionary terms and also in plant  and animal breeding 
programmes because they  affect the variance of the 
change in the mean value of the character  as the 
populat ion undergoes sampling and selection. The 
variance of the change in mean value is impor tan t  
in designing breeding and selection programmes and 
in interpret ing selection experiments.  The depend- 
ence of the derived quanti t ies on the initial gene 
frequencies, the initial linkage disequilibrium, the 
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selection intensity, the population size, the recombi- 
nation factor, and the genetic effects at the two loci 
will be described. We shall assume random mat ing 
and no epistatic interactions. The random mat ing 
is complete in tha t  selfing is allowed to occur. 

2. T h e  T h e o r y  f o r  t w o  L o c i  

Let the alleles at one locus be Aa and A~ and at 
the other B~ and B v Let  the gametic frequencies in 
the parenta l  population be as follows: --  

Gamete  A~ B~ Ax B~ Az B~ A~ Bz 

Frequency P1 P2 Pa P4 

where Pa + P~ + Pa + /)4 = 1. 

The initial linkage disequilibrium is D = P~ Pa -- 
-- P~ Pa. Write the gene frequencies of A~ and B~ 
as X ----- P1 + /)2 and Y = /)1 + Pa respectively, and 
the recombinat ion fraction as r. Table I shows the 
ten genotypes,  separat ing the two double hetero- 
zygotes into the coupling and repulsion phases, and 
provides a notat ion for the associated frequencies, 
the numbers  selected and the deviations of the geno- 
typic  means from the populat ion mean. 

Using primes to indicate frequencies after sampl- 
ing and selection, 

2 r i P ;  = 2 N  1 @ N~ + N a @ (1 - - r )  N a @ r N n ]  

2 n P'2 = 2 N z -1- 3[= @ N 7 @ r X~ + (t -- r) 2Vn ,[  
2 n P ; = 2 N s + N ~ + N , + r N ~ + ( t  - - r )  N ~ , |  (2) 

2 n P4 = 2 N~o+ N ,  + N~ + (t -- r) N~ + rN~ ,] 

and 

2 n X '  = 2 n (P~ + Ps = 2 (N 1 + N a + Na) 
+ (N~ + N ~ + N ~ + N ~ ) ,  

2 n  Y' = 2 n ( P ~  + P3) = 2 ( N , +  N 4 + Ns) 
+ ( N ~ + N ~ + N 6 + N ~ ) .  

With this notat ion we require formulae for the co- 
variance of X '  and Y' and for the expected value and 
variance of D'  = P~ P~ --  P~ P~. 

The set of equations (~) apply  to the figures in 
Table t as an obvious extension of their val idi ty  for 

the one locus case. The variance-covariance mat r ix  
of the ten element random vector  (N 1, N= . . . .  , N~0 ) 
is therefore 

n A  = n ( a o ) ,  i , i =  1,2 . . . .  , t 0 ,  

where 

a'i=la;(a =i .  
Unlabelled summat ions  will always be over the ten 

genotypes.  Let t ing X T denote the transpose of a 
mat r ix  X, the covariance of any  two linear forms in 
the N' s  is given by  

Cov (Z  oq N o Z fli Ni) = n (oq . . . .  , alo ) 

X A (/~1' /~2' " " ' ' fllO) T = n ( a  1 0~1, a 2 o~ 2 . . . . .  alO ~10) X 

It + - (t + 2 kay) -- +k (4 + �9 - 
- - a l l t  + k ( d m + d 2 )  ~ .  l + k d ~ - - a ~ ( t .  + 2 k d~) . 

L . . . 

= ~ ( a 1 0 r  a 2 or 2 . . . . .  a102r ) B ( i l l '  f12 . . . . .  /~10) T 

@ n ( a  10~1, a 2 o~ 2 . . . . .  alOOr ) C ( a l / ~ l ,  a2f12,  . . .  ,alO/~lO) T 

B =  (b~i) and C =  (cii), i, ] = i, 2 . . . .  10, where 

with 

b ~ i = {  t + k i ~ ] = ] ' 

and 

�9 c i i =  -- [1 + k ( d  i + d i )  ] .  

Thus 

Coy (27a i Nr ! fli Ni) = n I a i a i fl, -F n k ~ ai oq fll di 

-- n ~ aia i s ai fl i -  k n s aio q s ai fl i d i 

- k n s aj f l j s  aio,~ di .  (3) 

Substi tut ing d i = & --  #, where gi is the mean of the 
i th genotype and/~ ---- 27 a i &, is the population mean 

• -ill - 

~ 

. .~10_ 

Table 1. Notation 

Genotype Initial Number Deviation of genotypic 
a frequencies 

ai 

A1A1BIB, P~ N1 
A1A1B1B 2 2 PxP2 N 2 
A1AIB2B2 P~ Ns 
A1A2B1B 1 2 PiP" N~ 
A1Bx/A2B2 2 P1P4 Ns[ 
AiB2/AoB 1 2 P2Pa N~ I 
A1A2B2B 2 2 P2Pi N 7 
A2A2B1B1 P] Ns 
A2A2BIB 2 2 PaP4 N ~  
A2AzB2B2 P] Nlo 

ai and t3i required for 
selected 
N~ 

mean from population mean covariance calculation 
di ~ gi --/z ~xi fll 

01 + 02 --  # I 1 
0 i +  ~ 2 - - / *  l 1/2 
01 - -  0 e - -  # I 0 

~ i  + 02 - - / *  t / 2  1 
~1 + '~2 - / *  I/2 I/2 

t/2 1/2 
q}l - -  02 - -  /* 1 /2  0 
--01 + 02 - - / ~  0 1 
- 0 1 +  ~ 2 - z  o 1 /2  
--01 - -  02 - -  /~ 0 0 

T o t a l =  I Total = n 
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in (3) gives 

Coy ( Z  c, i ~'5, Z ~ zxS) = n f r  a~ o,~ ~ - Z a~ c,i Z aj ~jl 

+ k n ~ a i oq fli gi - ~ ai oq ~ a i fli gi 
- -  Z a~ flj Z a~ oq g~ 

--  k n #  [2 Z aioq,F, ai fl j - Z a~ai fii~ . 

Table t also gives the values of ai and fli, which, 
together  with the a, and gi, are needed for calculating 
coy (X' ,  Y ' ) ,  the covariance of the changes in gene 
frequencies at the two loci. The initial populat ion 
is assumed to have been formed by  random mat ing 
and there are assumed to be no epistatic effects. 
The addit ive effects of two loci on the character  are 
wri t ten 01 and 0~ and the dominance effects are 
wri t ten O 1 and O 2. 

After considerable algebra, subst i tut ion from 
Table I leads to 

coy (X',  Y') ~- ~ + - 2 ~ 7 D  k D {01 (t --  2 X) 

+ 0~(1 - 2 y )  + 0~E1 - 6 x  (f - x ) l  
+ 0 ~ [ t  --  6 Y ( t  --  Y)]} .  (4) 

Koi ima  (1961) has already given, in one locus form, 
the formulae for the variances but  they  can be more 
easily obtained here b y  subst i tut ing a, = fl~, (i = t ,  
2 . . . . .  t0) to give 

Var (X')  - - X ( l  - X )  + k { 0 1 x  ( I - - X )  ( t - - 2 X )  

+ 0~D (1 - -  2 X) 

~- ~)1 X (1 - -  X )  [I -- 6 X (*1 - -  X) !  

+ O=~D (t - -  2 X )  (t --  2 Y) --  2D21} 
and 

Var ( Y ' ) - -  Y(12n- Y) + ~ k  { 0 1 D ( I  --  2Y)  

+ G Y (t - Y) (1 - 2 Y) 

+ O 1 [D (1 --  2 X) (1 -- 2 Y) -- 2 D21 

+ 02 Y (t --  Y) 

x E1 - 6 Y (1 - v ) ~ } .  (5) 

Formulae (4) a n d  (5) can be used to obtain 

= correlation coefficient of X '  and Y' 
Coy (X', Y') 

Clearly ~ is independent  of n and, for obvious reasons, 
of r. Ignoring terms of order (k dl) ~ 

~o = I x  Y ( l  - x ) ( l  - Y ) ~  I - ~ k 0  l --  X 

D (1 -- 2 Y) D (1 -- 2X)]  

! D ~ 
+ k O ~  2 - - 3 X ( I  - - X )  - - y ( (  y )  

o [' 
- -  2 Y ( l - - ~ ) )  + k  ~ d - - 3 Y ( I - - Y )  

D ~ D (t - - 2 X ) ( 1  - - 2 Y ) ] /  
-xo-x)- ~x~1 x)-  - j [ .  (6) 

The variances and covariance of the changes in 
gene frequencies at the two loci are the expected 
values of only three of all the possible quadrat ic  
forms in the genotypic numbers  N 1, N 2 . . . . .  N10. 
The linkage disequilibrium D' = P~ P'4 --  P~ P j  is 
another.  The covarianees of P~ and P4 and of P'2 
and P~ can be evaluated by  the methods used above 
and hence the expected values of P~ P~ and Ps Pj  
derived to give 

E ( D ' ) =  L D ( I _ 2 r )  V t + k ( O ~ + G _ ~ ) ;  
2 

-[- ~ D t - -  [1 @- ]~ O 1 (t - -  2 X)  2 

+ k G (t - 2 Y)~ - k ~ ,  (7) 

where # is the populat ion mean before sampling and 
selection, viz. 

# ~-- 0 1 ( 2 X -  t) + 0 , ( 2  Y --  t) 

+ o 1 2 x  (t - x )  + o ~ 2  y (1 - y ) .  

The effect of selection on E(D')  is again evident in 
the addition of terms with a factor  k to the value of 
E(D')  due to sampling alone which is 

( ') E(D')  = D I -- r 2n " 
t 

Hill and Rober tson (1966 and 1968) and Karlin 
and McGregor (t968) have both  given the sampling 
expectat ion of D' as 

The difference between our formula and theirs is due 
to a difference in the underlying models which have 
been te rmed " r a n d o m  union of zygotes"  and " r andom 
union of gametes"  respectively. Ohta (1968) and 
Wat terson  (1970) have both  discussed the difference. 
Briefly, the model which we have used, random 
union of zygotes, takes into account the format ion 
of individuals from the gametic output  of the parents,  
and is more correct biologically. The second model 
only considers sampling from one gametic  pool to 
form another  in the next  generation and does not 
allow selection to operate on the actual  individuals 
formed between the two gametic productions. 

3" T h e  D e p e n d e n c e  of  9 on  the  Genet ic  Parameters-  

The l imits of D for given values of the gene fre 
quencies X and Y correspond to the situations when 
at least one gamete is missing from the population. 
Thus D is maximum,  D = P1 P4 when 

P ~ = X ( I  -- Y) - - D  = 0 or 

P a =  Y ( I  - - X )  - - D  = 0 ,  

and D is minimum, D --  --  P~ Pa when 

P I = X Y  + D  = 0 or 

P ~ =  (1 - - X )  (t --  Y) + D  = 0 .  
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The correlat ion between X'  and  Y',  the  gene fre- 
quencies of A 1 and B~ respect ively in the genera t ion 
after  sampling and selection, can become quite  large 
in a m o u n t  (positive or negat ive  in sign) if D is near  
one of its limits, i.e. when one of the gamet ic  fre- 
quencies in the parent  genera t ion is near to zero. 

Complete posit ive correlat ion is achieved when bo th  
P1 and  P8 are zero and D = P1 P4. The correlat ion 

1 
is large if D > -2 P1 P4. Complete negat ive  corre- 

la t ion occurs when bo th  P1 and P4 are zero and 
I 

D ---- --  P~ P3, J01 again becoming  if D ~ - -  ~ P1 P3. 

Hence correlat ions can be expected  to approach  
4-1 if e i ther  bo th  coupl ing or bo th  repulsion gametes  
have ve ry  small frequencies in the  parent  generat ion,  
and  quite  large values of J0P can be expected  if a n y  
one gamet ic  f requency  is close to zero. 

The formulae derived in this paper  all assume t h a t  
the k 0  and k #  terms are small so tha t  te rms of 
order  (k 0) ~ and (k ~b)z can be neglected. L a t t e r  
(t965) discusses this approx imat ion .  I t  would appear  
t h a t  our  results  are p robab ly  reasonably  accura te  for 
k 0 and k ~ less t han  abou t  0.4. In  Table  2 we quote  
results for k O 1 ~--0 and 0.25. To our  order  of 
approx ima t ion  all funct ions are linear in k 0 and so 
in te rmedia te  results can be obta ined  by  l inear inter-  
polat ion.  Table 2 gives the values of 0 calculated 
f rom formulae (4) and (5) for a range of values of X 
and Y and for a range of values of D, f rom its 
m i n i m u m  to its m a x i m u m  value. The genetic models 
considered and the abbrevia t ions  used in Table  2 are 
as follows. 
i.  - / - :  no selection, (or, equivalent ly ,  genes of no 

effect);  k 0  i =  k ~ , = 0 ,  i--~ t ,  2. 
2. a/-: addi t ive /no  effect ;  02 ~ #1 ~ t//2 ~ 0 
3. d/-:  dominan t /no  effect;  0 1 ~  #1, 0 a =  ~ o =  0 
4. a/a: addi t ive /addi t ive ;  01 ~-- 0~, #1 ~ ~2 = 0 
5. d/a: dominan t / add i t i ve ;  01 ---- 02 ~-- r ~2 ~ 0 
6. did: d o m i n a n t / d o m i n a n t ;  0i = ~b,, i = t, 2. 
The covar iance  of X and Y is clearly zero if X or Y 
is 0 or t.  The values of 0 in this table are given in 
the order above. I t  is evident  t ha t  for the dif- 
ferent  genetic models there  is l i t t le change in the 
size of o, and  hence t h a t  its value depends  main ly  on 
the a m o u n t  of sampling and  selection and not  on the  
genetic model.  Excep t  when the initial frequencies 
at one or bo th  loci are small, the effect of selection 
is to decrease the a m o u n t  of correlat ion below the 
value due to sampl ing alone. 

Al though,  as ment ioned  above,  different genetic 
models have  little effect on the value of 0 we shall 
now consider the  different genetic models in more  
detail. We shall call the  sampl ing correlat ion 00, i.e. 

D 
The signs of 0o and ~ are 

0o ~--- [ X  Y (1 - -  X )  (1 - -  y)]112" 
both  de te rmined  by  the sign of D. F rom equat ion  (6), 
the relat ive change in 0o due to selection can, to the  
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first order of k 01, be considered as arising from 

[12 D ( 1 - - 2 Y ) ]  
t .  a n  a d d i t i v e  e f f e c t  k 01 - -  X 2 ~,~ ( i  - -  Y i  

and 

2. a dominance effect k q~l [ 12 --  3 X (1 - -  X) 

D * D (1 - -  2 X )  (1 - -  2 Y )  ] 
Y(I -- Y) 2 Y ( 1  -- Y) J '  

with similar effects due to the second locus. 

Tile addit ive effect consists, at the first locus, of 

the 'direct  addit ive effect ' ,  �89 --  X, i) depending o n  

the gene frequency at the locus in question 

and ii) the 'cross addit ive e f f e c t ' , - - D  (1 - - 2  Y) 
2 Y ( I  - -  Y) ' 

depending on both  D and the gene frequency at the 
other locus. 

Considering the first locus, the direct addit ive 
effect will be largest when X is small and will cause 
the greatest  decrease in 9o when X is large. The cross 
addit ive effect will cause the greatest  increase in Q 
if X and Y are both  large and D is near max imum,  
or if X is large, Y is small, and D is near minimum.  

Thus the greatest  increase in ~ from the addit ive 
genetic effects at bo th  loci will be when X and Y are 
both small, due to the direct addit ive effects. If  D 
is then also small, the cross addit ive effects will also 
tend to increase Q. The greatest  decrease in ~ due to 
the addit ive genetic effects will occur when X and Y 
are bo th  large. At neither locus will the cross addit ive 
effects be large, but  if D is near its m a x imum these 
effects will reinforce the depression of ~. 

The dominance effect at the first locus consists 
likewise of 

1 
i) a direct dominance effect, ~ --  3 X (t --  X), 

depending on X alone, 
and ii) a cross dominance effect, 

- -D~ D ( l  --  2 X )  (~ - 2 Y) 
Y ( ( ~ Y )  - -  2 Y ( I  - -  Y) ' 

depending on X, Y and D. Similar results hold for 
the second locus. 

The direct effect is greatest  when X approaches 0 
1 1 

or t and has a minimum of --  4 when X = 2 " 

The cross effect m a y  become large (and negat ive) i f  
the second te rm is positive in sign. If X and Y are 
bo th  small and D is near its min imum the overall  
dominance effect due to both  loci will be positive and 
give the greatest  increase in ~. The decreasing effects 
will be greatest  when D is near its m a x i m u m  and X 

and Y are both  close to but  less than  ~ ,  or when D 

is near min imum and X and Y are again close to, 
1 but  on opposite sides, o f ~ .  

Situations where one locus has a large and tile 
other a small gene frequency will cause least change 
from the value o 0 when the loci are dominant /addi t ive .  
When the gene frequencies are of the same order of 
size, this model behaves more as the dominant /  
dominant  and addi t ive/addi t ive models. 

1 
Apar t  from the situations (i) X = Y - - 4 ~ '  

1 y 1 D < 0  and (iii) X 1 (ii) X =  4 '  = 4 '  = 2 '  

I 
Y : ~4' D ~ 0, it can be seen from Table 2 tha t  

selection causes a decrease below It~ol in nearly every 
situation. Consideration of addit ive and dominance 
effects show tha t  where the change is an increase 
above [%1, the addit ive/addit ive model causes the 
greatest  increase, and where the change is a decrease, 
the dominant /dominant  model is responsible for the 
greatest  depression. 

4. The  Effects  of  Select ion on  E(D')  

When there is no selection, (k : 0), the expected 
value of linkage disequilibrium after sampling is 

( ') E ( D ' )  = D l - -  r - - ? - -  . 

Clearly sampling will reduce, eventual ly to zero, the 
expected amount  of disequilibrium, and this reduc- 
tion will be fastest  for small populat ions and when 
the loci are not t ight ly  linked. 

With selection following sampling, rearrangement  
of equat ion (7) gives, to the first order of k 01, 
E(D') ( ' ){, ko, ( 2 x - , )  D = t - r - y ~  

- - k O 2 ( 2 Y - - t  ) + k O l [ l  -- 2 X ( 1  --  X)! 

+ k G E ~  - 2 y ( ~  - ~;) j}  

- - ( 1 -  ~-){k ~ 2 X  ( 1 - - X )  

+ k q~ 2 Y (1 --  Y)}. (8) 

The r ighthand side of this expression is independent  
of D and gives the factor  by  which D is expected to 
change. Values of this factor  were calculated for 
different fractions, (r = 0, O.l and 0.5) and X and Y 

14 1 3 } k 0 1 t a k e s  taking all values on the set - '  2 ' " 

the values 0 and 0.25. Table 3 shows these values 
when n : 4 and n = 32 respectively, these being 
well representat ive of the effect of increasing n. D, 
and hence E(D'), will be zero when either X or Y 
is zero. 

From the tables it is evident tha t  the factor  is 
increased by  increasing the combined selection and 
genetic effects, k 01, by  increasing the populat ion 
size and by t ighter  linkage. 

( The addit ive effect, k 01 t --  r 2 n 

at the A-locus, will decrease the factor  when 32 is 
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Table  3. Values of E(D')/D. Population sizes n = 4 and 32. k 01 = o and o.25 

x = 1/4 x = 1/2 x = 3/4 

Model n = 4 n = 32 n = 4 n = 32 n = 4 n -- 32 

y = 1/4 

0.1 

O.5 

- - / - -  0.875 0.984 0.875 0.984 
a/-- 0.984 1.107 0.875 0.984 
d/-- t.051 1.170 0.891 0.986 
a/a t .094 1.230 O. 984 I. 107 
d/a t. t 6O 1.293 t.000 1.109 
d/d t .227 1.356 t .066 1.172 

- - / - -  0.775 0.884 0.775 0.884 
a/-- 0.872 0.995 0.775 0.884 
d/-- 0.923 1.042 0.778 0.874 
a/a 0.969 t.105 0.872 0.995 
d/a t .020 1.153 0.875 0.984 
did t .070 1.200 0.926 1.032 

- - / -  0.375 0.484 0.375 0.484 
a/-- 0.422 0.545 0.375 0.484 
d/-- 0.410 0.530 0.328 0.424 
a/a 0.469 0.605 0.422 0.545 
d/a 0.457 0.590 0.375 0.484 
d/d 0.445 0.575 0.363 0.469 

0.875 0.984 
0.766 o.86t 
0.832 0.924 
0.875 O.984 
o.941 1.047 
1.008 1.110 

0.775 0.884 
o.678 o.774 
0.729 o.821 
0.775 0.884 
0.826 O.932 
0.877 0.979 

0.375 0.484 
O.328 0.424 
0.316 0.409 
O.375 O.484 
O.363 0.469 
0.352 0.454 

y t /2  

0.1 

0.5 

- - / - -  0.875 0.984 0.875 0.984 0.875 0.984 
a/-- 0.984 I .t07 0.875 0.984 0.766 0.861 
d/-- 1.051 1.1 70 0.891 0.986 0.832 0.924 
a/a 0.984 1.107 0.875 0.984 O. 766 0.861 
d/a 1.05t 1.170 0.891 0.986 0.832 0.924 
d/d t .066 1.172 0.906 0.988 0.848 0.926 

- - / -  0.775 0.884 0.775 0.884 
a/-- 0.872 0.995 0.775 0.884 
d/-- 0.923 1.042 O. 778 0.874 
a/a 0.872 0.995 0.775 0.884 
d/a 0.923 1.042 0.778 0.874 
d/d 0.926 1.032 0.781 0.863 

- - / - -  0.375 0.484 0,375 0.484 
a/-- 0.422 0.545 0,375 0.484 
d/-- 0.410 o. 528 0.328 0.424 
a/a 0.422 O. 545 O. 375 0.484 
d/a 0.410 O. 528 0.328 0.424 
d/d 0.363 O.469 0.281 0.363 

0.775 0.884 
0.678 0.774 
0.729 0.82t 
0.678 0.774 
O.729 0.821 
0.732 o .8 t l  

0.375 0.484 
0.328 0.424 
0.316 o.409 
0.328 0.424 
o.316 0.409 
o.27O 0.348 

y = 3/4 

0 --,/-- 0.875 0.984 
a/-- 0.984 1.107 
d/-- 1.o51 t .170 
a/a 0.875 0.984 
d/a 0.941 1.047 
d/d t .008 1.110 

0.1 - - / - -  0.775 0.884 
a/-- 0.872 0.995 
d/-- 0.923 t .042 
a/a 0.775 0.884 
d/a 0.826 0.932 
d/d 0.877 0.979 

0.875 0.984 0.875 0.984 
0.875 o.984 0.766 o.861 
o.89t o.986 0.832 0.924 
0.766 o.861 0.656 O. 738 
o.781 0.863 0.723 o.8ol 
0.848 0.926 0.789 0.864 

0.775 0.884 o.775 0.384 
0.775 0.884 0.678 0.774 
0.778 o.874 0.729 0.821 
0.678 0.774 0.581 0.663 
o.681 o.763 o.632 o .7 t l  
0.732 o.811 o.683 o.758 

0.5 - - / - -  0.375 0.484 
a/-- 0.422 0.545 
d/-- 0.410 0.530 
a/a 0.375 0.484 
d/a 0.363 0.469 
d/d 0.352 0.454 

0.375 0.484 0.375 0.484 
0.375 0.484 0.328 0.424 
0.328 0.424 o.316 o.409 
0.328 0.424 0.281 o.363 
0.231 0.363 o.270 0.348 
o.27o 0.348 o.258 0.333 

la rge ,  i.e. n e a r  1, a n d  i n c r e a s e  i t  w h e n  X is smal l ,  
h a v i n g  no  e f fec t  w h e n  X = 1/2. T h e  d o m i n a n c e  

e f fec t ,  k (~1 1 - -  f 2 n J 

- ( t  - )2x/1 the  ,ocus lla a 
1 t h e  e f fec t  i n c r e a s i n g  as X m i n i m u m  w h e n  X = 2 ' 
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decreases  to 0 or increases  to t .  The  dominance  
effect  increases  the  factor ,  bu t  the  g rea t e s t  increase 
occurs  when  X is large or small .  

Compar ing  the  fac tor  E ( D ' ) / D )  with  t h a t  when  
k - - 0 ,  ( - / -  model) ,  h igher  gene f requencies  wi th  
select ion cause a g rea te r  reduc t ion  and  lower gene 
f requencies  cause less reduct ion .  W h e n  there  is 
selection,  and  X and Y are small ,  l inkage is t igh t  
and  the  popu la t ion  size is suff ic ient ly  large, E ( D ' )  
can be g rea te r  t h a n  D in size. This  canno t  h a p p e n  
w i thou t  selection. 

5" The Variance of Linkage Disequilibrium, ~'a; (D') 

Knowing  E ( D ' ) ,  the  va r i ance  of D" can be der ived  
if an express ion  for  E ( D  "3) can be ob ta ined .  This  
q u a n t i t y ,  

E ( D  'e) : E I(P~ P4) 3 47 (P'2 P'3) 2 - -  2 P~ P ~ / ~  P41 , 

involves  the  fou r th  order  m o m e n t s  of N ~ , . . . ,  Nao. 
W a t t e r s o n  (t970) ob t a ined  an express ion for E ( D  '3) 

when  the re  is sampl ing  only,  b y  means  of the  m o m e n t  
genera t ing  func t ion  of the  d i s t r ibu t ion  of (P~, P;,, P'> 
P'4), given (P1, P~, Pe, P,)  in the  p a r e n t  genera t ion .  
Af ter  some r e a r r a n g e m e n t ,  W a t t e r s o n ' s  express ion  
becomes  

E(D,3)  = n (n -- 1) (n -- 2) (n - -  3) (1 - -  r) e D e 
n4 

+ ~ ( n - ~ ) ( u - 2 )  [ S - - Z + 7 D  3 
2 n 4 

4 7 r ( - - 2 S q - 2 Z - -  1 6 D  3) 

47 r ~ (S q- 10 D3)] + n (n4 hi-- 1) X 

x ~ 4 S - - 3 Z + 6 D ~ + r ( - - I O S  

4 7 8 Z - -  t 6 D  =) + r * ( 6 S  + 16D=)] 

n (1 _ 2 r ) ~ S  

where,  following W a t t e r s o n ,  Z = X (1 - -  X) Y (t --  Y) 

a n d s  = P 1 P a  47 P 3 P a = 2 Z +  2 D  e 

47 D (t --  2 X )  (t --  2 Y ) .  

To  ob ta in  an express ion for E ( D  'e) when selection 
follows sampl ing ,  the  m o m e n t  genera t ing  func t ion  of 
the  d i s t r ibu t ion  of (P'~, P'2, P'a, P4) was obta ined ,  the  
d i f fe ren t ia t ion  and  subsequen t  a lgebra  p rov ing  less 
fo rmidab le  t h a n  the  m a n i p u l a t i o n  of the  fou r th  
order  m o m e n t s  of N 1, . . . ,  Nlo, re fer red  to above.  

The  n m n b e r s  of the  different  geno types  selected 
are m u l t i n o m i a l l y  d is t r ibu ted ,  the  p r o b a b i l i t y  asso- 
c ia ted  wi th  n~ being a~ (1 + k d i ) ,  i :  1 , . . . , 1 0 ,  
where  ai and  di are given in Tab le  I.  Thus  

prob I N x . . .  N10IP 1, P~, Pa, P41 -- n! Y~lN~ ~2N . . . .  ~IoN~" 
N 1! N~! �9 - �9 N~o! 

where  :~ = a~ (i + k dd. The  m o m e n t  genera t ing  
func t ion  for (P~, P~, P j ,  P4) is 

[ M(tl .  t3. la. t~) =- E I_e iX=* IPt. P=. Pa. P4 

The  P~, i = I . . . .  4, are given in t e rms  of N 1 . . . . .  Nlo 
in equa t ion  (2). Subs t i tu t ion  and  r e a r r a n g e m e n t  
gives 

M(t l ,  t 2, t a, t~) : E e i:1 IP1, Pc, Pa, P4 

= (zq e"~ + �9 �9 �9 + ~1o e"~ ~ the  m.g.f ,  of N 1 . . . . .  N10, 

where  

n %  = t  1 , 2 n u  2 = t l + t 2 , n u a = t e ,  2 n u  4 = t  l + t  3, 

2 n % = t  l + t l + r ( t  e + t  a - t  1 - t 4 ) ,  
2 n u 6 = t e + t a - -  r (t 3 + t a - -  t I - -  t4) 

2 n u 7 : t 3 47 ta, n t t  s : t3, 2 n Ct 9 : t 3 @ t 4 and 

n ~tl0 = f4" 

Wri t ing  qi ----- Pi  et*/2 ~, i = i . . .  4, and  subs t i t u t ing  
for the  d i, fu r the r  r e a r r a n g e m e n t  gives 

M ( t l  " " " taJPl " " " P4) 

=- {~(1 - -  k / z )  (e l  -~- q2 + qa + q4) ~ --  2 (ql q ,  + qe qa)J 

• [2 (ql q, + q~ q~) cosh ~ (t3 + t~ - tl - t,) 

v t ] + 2 ( q l q 4 - -  q2qa) s i n h ~  (3 q - t a - - l l - - t , )  

+ k 01 [(ql + q3) e -- (qa + q4)~] 

+ k G I(ql + q~)e _ (qe + q~)3j 

47 2 k ~1 (ql qa + q3 q,) 47 2 k ~ (ql q2 47 qa q4)} ' .  

W h e n  k = 0, this  express ion reduces  to t h a t  g iven 
b y  Wa t t e r son .  Af ter  d i f fe rent ia t ion  and  m u c h  man i -  
pu la t ion ,  an express ion is ob t a ined  for E(D'3) .  

This,  t oge the r  wi th  [E(D')~ e ob t a ined  b y  squar ing  
equa t ion  (8) gives the  following express ion for  va r  D' ,  
ignoring t e rms  of order  (k 01) 3 and  higher.  

V a r  D'  = (n -1 n -e n -a) V (1 r re) r , (9) 

where  V = (vii) is a net  italic 3 • 3 m a t r i x  wi th  the  
following e lements  in which  

W - - D  (l - .  2 X )  (t - -  2 Y), 

A = D X ( ~  - -  X ) ( ~  - 2 y ) ,  

= 1 )Y  (~ - Y) (~ - 2 x ) .  

{ z  + w D '~ X)  vn = 2- - -  @ ~k01 (1 - -  2 

+ k G (~ - -  2 Y).I CZ --  W - 4 Z)ej 
- -  k 01 A --  k OeB 
+ ( k q 5 1 + k q 5 2 )  ( Z +  W - -  6 D  3) 

-~ ~ k ~IJ 1 X (1 --  X )  -{- k 1~)3 Y (1 -- Y)  ; 
X E24D e - 4 Z -  5 W ] } ,  

ule = D 2 - -  Z - -  W @ [k 01 (1 - -  2 X) 
+ k 0  e(i  - - 2 Y ) ]  [4D 2 - Z ]  + k0~ 4 
+ kOeB 47 (k ~147 k q)2) (4D e - z - W )  
+ [k ~ l x  (~ - x )  + k ~.o Y (~ - g )?  

X ~Z + 3 W - -  1 4 D e J ,  



342 S . J .  Galley and R. N. Curnow:  Theoret. Appl. Genetics 

0.08 

0.07 

0.06 

0.05 

i :  

0.03 

-,/,6o ~;,~ 27 

n=4 

V)E 0 shs 

Ih6O lh5 

03 0.2 0.3 0.4 0.5 r 
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initial D ; no selection model ; initial gene frequencies, X = t/4, 

Y = 1/4 

0.08 

0 = 4  

0.05 .-k./ 

0.04 - 

0.03 

~/, 0 ~/s 

0.01 

t [ 

0.1 02 0.3 0.4 0.5 r 

Fig. 2. The relationship between aD', and r for different 
initial D; no selection model; initial gene frequencies, X = t/4, 

Y = t12 
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Fig. 3. The relationship between O'D', and r for different 
initial D ; no selection model ; initial gene frequencies X = 1/2, 

Y = ~/2 

v a a - -  2- {2Z  47 W 47 [ k 0  1 (1 - -  2 X )  

47 k 0 ~ ( l  - -  2 Y)] [ 2 Z  47 W --  2 D  2] 

+ (k 031 [~ - 2 x (1 - x) j  

+ k o0. It - 2 Y (1 - y ) l )  

X ( 2 Z  47 W - -  2 D ~ ) } ,  

I {3 D2 - - Z - -  2 W - l -  i k 0  1 (1 - -  2 X )  v21--  4 

47 k0~(41 - -  2 Y)] !4 ,0D 2 - - Z - -  2 14,'j 

+ 3 (kO1A + k O  2B) 

+ (k O 1 47 k 03,,) ( 1 8 D  ~ - Z -  2 W) 

+ i~ 0 1 x ( t  - x )  + ko., Y ( l  - Y)j 

• [ 6 Z + t 5 W - - 8 2 D  2]}, 

I { W _ 2 D 2  v= = --2 + {i~ 01 (1 - 2 x )  

q- k0.2(1 - -  2 Y)] [ W - -  6 D ~ I  

- -  2 ( k 0 1 A  + k 0 , , B )  

47 [k 031(t - -  2 X ) "  + k 03~(1 - -  2 Y)~] 

• [W - 6 DE} 

V2a-~ - -  1610 s [ k O  1 ( t  - -  2 X )  47 k 0  2 (1  - -  2 Y ) ] ,  

f { w - 2 I O 2 + [ k 0 1 ( t - 2 x )  U 3 1  ~ 

47 k O~ (t - 2 Y)I Lw - 6 D~] 

- - 2 ( k 0 1 A  §  

47 (k03147 k03o.) ( W - -  1 4 D  z) 

47 12 (k �9 1 X ( ]  - -  X)  

+ k o~ Y ( l  - Y) ( 6 D ~ - - W ) } ,  

' /332 ~ 0 , 

a n d  

U 3 3  ~ - -  7323.  

T h e  e x p r e s s i o n  (9) was  u s e d  to  c a l c u l a t e  t h e  a p p r o x -  
i m a t e  s t a n d a r d  d e v i a t i o n  of D ' ,  aD,, for  t h e  s a m e  
g e n e t i c  m o d e l s  as be fore ,  w i t h  k 0 1 = 0.25. T h e  
p o p u l a t i o n  sizes u s e d  were  n = 4 a n d  32 a n d  t h e  
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Fig. 4. The relationship between aD', and t for different 
initial D; dominant]dominant model, k 01 = 0.25; initial gene 

frequencies X = 3/4, Y = 3]4 

recombina t ion  f rac t ion was r ~ 0, 0.0t ,  0.1, 0.4 and 
0.5. As before,  the  init ial  l inkage disequil ibr ium took  
5 values t h roughou t  the range possible for each pair  

t of gene frequencies,  and these took  the values 4 ' 

and 3 in all combinat ions .  
2 4 

Figures I to 3 show the re la t ionship between aD', 
and r when there  is no selection, (Model - f - ) ,  for the 
popula t ion  sizes n = 4 and n = 32 and the five dif- 
ferent  ini t ial  values  of D. These  values could be 
ob ta ined  from the  formulae  given by  Wat t e r son  
(t970). The  ini t ial  gene frequencies  (X, Y) in the 

I 
th ree  figures are ( 4 ' 4 ) '  ( 4 '  1 2 ) a n d  (12 ' ) 2 )  

respect ively .  The  s i tua t ion  for ( 3 ,  3 )  if ident ical  

tha  *or tho e *or(i :)  

and ( 2 , ~ ) a r e  to ( f 4 ,  t2).  The  diagrams for 

( 4 ,  3 4 ) a n d  (3 - ,  14 ) a r e i d e n t i c a l t o  ( 4 , 4 - )  if D 

takes  the opposi te  sign. F rom Figures I to 3 the  
effect of sampling can be es t imated.  In eve ry  situ- 

1 t w i t h D  near  + ~ -  t ight  ation, except  X = Y = ~ 

l inkage (r close to 0) gives a grea ter  value of a9,, 

1 a l though the min imum of a 9, does not  t han  r = ~- ,  

1 1 
general ly  occur at  r 2 When  X Y 2 '  

1 D = =~ ~ , the  s i tua t ion is one in which ini t ial ly 

e i ther  bo th  repulsion or bo th  coupling gametes  are 

0.08 

0.05 

0.04 

l/j 0 its L7 

0,03 - 

i L L  

0.01 ,za o v~ 

i i 
0 011 02 0'.] 0'A 0.5 r 

Fig. 5. The relationship between as)', and r for different 
initial D ; dominant/dominant model, k 01 = 0.25 ; initial gene 

frequencies X = I/2, Y = 3/4 

0.09 

n=4 

i i i 

n :32 

V4 o 1/4 

v, o ,/~D 0 0.1 02 0.3 0.4 05 r 

Fig. 6. The relationship between aD', and r for different 
initial D ; dominant]dominant model, k 01 = 0.25 ; initial gene 

frequencies, X = 1/2, Y = 1/2 

absent  f rom the popula t ion.  Wi th  no selection, in 
each case the differences in ~D' due to different  values 

l of D are reduced  as r approaches  ~ . The  greates t  

changes in ~u' occur as D approaches  its ex t remes ,  
except iona l ly  for the init ial  f requencies  (X, Y) 

~ - ( 4 - ' 4 ) '  ( 4 '  3 / '  ( 3 , 4 ) ,  ( 3 ,  3 / ,  as m a y  



344 

tr~ 
t',l 

II 

6 

O 

II 
q 

4 

t"r 

rr 

I -~- ... 

I 
7 

S. 

,"t e,1 ~'~ 

u-~ ,,o o.q~' 
�9 r  e,1 

R R R  

R R R  
~ m , , o  

u-~ m 

l ~ r ~  

q R R  

m.~m m 

e.~ rr t-r 

. q R  

� 9  

R R R  

Rq~ 

q q q  R R R  

. . .  R R R  

Rqq ~ 

R R R  R R R  

~ q .  ~ q q  

. q q  . . .  

0 @ 0  0 � 9  
�9 " " I ' " " 

q q ~  R q .  

q q ~  o o o  

q q q  . q q  

m O m  N ~ N  
~ ~ I  

q q R  . q q  

qo.o. oo.o. 

R R q  R R R  

gD r-... ,,O .,~- u.'~ .~- 

qq~ o.N 

d 6 

R R R ,  R R R  

q q q  

q q q  

. q q  

e l  
ee3 

J. Galley and 

c ~ 3 O m  

R R R  

..-'* e.~ O0 
",0 ~",. O'b 

O O Q  

~. �9 . 

~ r,>,. ~f- 

0 O 0  

t-,.. , ,0  

~ o ~  

0 ~ 0  

o R o  

, ,0  q~..~ kO 

~ (,,q .~, 

0 0 0  

. ~  ,,.,, ~ 

0 0 0  

xt3 t ~  t ~  

� 9  

. q d  

t ~ O  0"3 

R R R  

t ' r  tr 
',O 00 ',O 

•1• ~ e t 3  
o O t O  

R R R  

d 

1~. N. Curnow: Tkeoret. Appl.  Genetics 

3 be seen in Figure 1, when r = 0 and ID[ is near ~-6'  

t I and [D[ is near T6- The greatest and when r = ~ -  

change in aD occurs when X =  Y = ~  for r close 2 '  
to 0, where aD, rapidly increases as ]D] ~ 0. The 
situations represented in Figure 2 show that aD is 
not greatly affected by changes in D when the gene 
frequencies are of unequal but intermediate sizes. 

Figures 4 to 6 show the relationships of figures 1 
to 3 for the dominant/dominant model with k 01 

= 0.25 and initial frequencies ( 3 , 3 ) ,  (~__ ,3)  

and ( 1 ,  ~--)respectively�9 Curves for the selection 

models were very similar to the ones for the no 
selection situation�9 Figures 4 to 6 are representative 
of the most marked differences between the selection 
and no selection models�9 

Table 4 gives the value of aD' for the different mo- 
dels when D = 0 initially, with k 01 = 0.25, n ---- 4 
and 32, r = 0.1 and 0.5. The table gives some idea 
of the response of aD; to changes in the initial gene 
frequency at the two loci. 

The greatest variation in the value of aD, is due 
to the size of the population selected. As n increases, 
aD" decreases, and the range of values taken by aD, 
for different D correspondingly decreases. The 
initial values of X, Y and D contribute more to 
differences in aD" than the underlying genetic model 
or the effect of selection�9 Thus, as before, sampling 
is of greater importance than selection. 

6. Discuss ion  
All the formulae and results given in this paper 

refer to a single cycle of sampling and selection�9 The 
use of results from a single cycle in understanding the 
consequences of evolutionary pressures is clearly 
limited. We hope to find ways of extending our 
studies, so that repeated cycles of sampling and 
selection can be studied. On the evolutionary time 
scale, other problems would then arise because of the 
probable variations from generation to generation of 
the population size, the selection intensity,  and the 
genetic effects. The selection of a fixed number of 
individuals to be the parents of the next generation, 
rather than the selection of individuals with prob- 
abilities depending only on their own genetic values, 
may also be more relevant in plant and animal breed- 
ing programmes than in natural selection. 

We are hoping to find ways of extending the re- 
sults obtained, so that  a small number of cycles of 
selection can be studied�9 These results would be of 
considerable importance in artificial selection pro- 
grammes�9 In particular, we plan to study the way 
in which the variance of the mean performance of 
a small population develops under sampling and 
selection. A previous discussion of the between 
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p o p u l a t i o n  v a r i a n c e  in m e a n  p e r f o r m a n c e  (Baker  a n d  
Curnow,  t969) i gno red  t h e  co r re l a t ions  b e t w e e n  gene 
f r e q u e n c y  changes  a t  d i f fe ren t  loci.  

The  r e su l t s  o b t a i n e d  in th i s  p a p e r  do sugges t  t h a t  
w i th  a sma l l  n u m b e r  of cycles  of s a m p l i n g  a n d  
se lect ion,  t he  effects  of s a m p l i n g  can of ten  d o m i n a t e  
those  of se lect ion.  C lea r ly  t he  ba l ance  b e t w e e n  the  
effects  of s a m p l i n g  and  the  effects  of se lec t ion  d e p e n d  
on the  p o p u l a t i o n  size, t he  se lec t ion  i n t e n s i t y ,  and  
the  size of t he  gene t i c  effects ,  W h a t  we have  shown 
in th i s  p a p e r  is t h a t  if t he  gene t ic  effects  are  of t he  
size g e n e r a l l y  a s soc i a t ed  w i th  q u a n t i t a t i v e  c h a r a c -  
ters ,  i.e~ d~/a ~ 0.2, a n d  the  se lec t ion  no t  too  in tense  
(i.e. k ~ 2), t h e n  s a m p l i n g  of ten  has  a l a rge r  effect  
t h a n  se lec t ion  on the  d e v e l o p m e n t  of l i nkage  dis-  
e q u i l i b r i u m  and  of co r re l a t ions  b e t w e e n  gene fre-  
quencies  a t  d i f fe ren t  loci.  
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